Using exact diagonalization in the disk geometry we predict a novel even-odd effect in the Coulombblockade spectra of vertically coupled double quantum dots under an external magnetic field. The evenodd effect in the tunneling conductance is a direct manifestation of spontaneous interlayer phase coherence, and is similar to the even-odd resonance in the Cooper pair box problem in mesoscopic superconducting grains. Coherent fluctuations in the number of Cooper pairs in superconductors are analogous to the fluctuations in the relative number difference between the two layers in quantum Hall droplets. DOI: 10.1103/PhysRevLett.91.026804 PACS numbers: 73.21.La, 73.43.-f It is now well accepted [1] that a bilayer quantum Hall system may spontaneously develop interaction-induced interlayer phase coherence with an associated Goldstone mode. Such an interlayer coherent state is akin to an excitonic condensate, being qualitatively similar to a neutral superfluid ground state. Pioneering experiments [2] by Eisenstein and collaborators have firmly established the physical reality of such an interlayer coherent phase in high-mobility bilayer GaAs heterostructures around a total Landau level filling factor of unity ( T 1). One of the most spectacular experimental demonstrations of the superfluidity of this spontaneous coherent phase has been the observation [2] of a very sharp interlayer tunneling peak which has been interpreted by some (but not all) as the direct analog of the Josephson effect [1] .
It is now well accepted [1] that a bilayer quantum Hall system may spontaneously develop interaction-induced interlayer phase coherence with an associated Goldstone mode. Such an interlayer coherent state is akin to an excitonic condensate, being qualitatively similar to a neutral superfluid ground state. Pioneering experiments [2] by Eisenstein and collaborators have firmly established the physical reality of such an interlayer coherent phase in high-mobility bilayer GaAs heterostructures around a total Landau level filling factor of unity ( T 1). One of the most spectacular experimental demonstrations of the superfluidity of this spontaneous coherent phase has been the observation [2] of a very sharp interlayer tunneling peak which has been interpreted by some (but not all) as the direct analog of the Josephson effect [1] .
Given the considerable significance of the spontaneous quantum Hall interlayer phase coherence as a novel correlation-induced collective phenomenon, it is important to envisage alternative nontrivial properties of the coherent state which have direct analogies to superconducting systems. In this Letter, we theoretically study one such property, namely, the precise analogy between bilayer coherent quantum Hall droplets and the ''Cooper pair box'' problem in small superconducting grains studied in a series of seminal experiments [3] by Nakamura and collaborators. Our theoretical results presented in this Letter show convincingly that bilayer quantum Hall quantum dot systems could spontaneously (i.e., in the absence of any interlayer tunneling) develop interlayer coherence leading to coherent fluctuations in the number of electrons in each dot (with the total number of electrons in the double-dot system being fixed), which in turn will give rise to an experimentally observable even-odd effect analogous to the even-odd resonance (and the corresponding Rabi oscillations) reported in the Cooper pair box experiment [3] . Our predicted even-odd effect in the bilayer quantum Hall quantum dot system has the obvious additional exciting prospect of providing a robust quantum two-level system with the interesting potential of serving as a qubit in a novel quantum-Hall-quantumdot quantum computer architecture [4] , which is fundamentally different from electron-spin-based quantum dot qubits currently being studied in the literature [5] .
The system of interest is the so-called vertically coupled double-dot system [6] in a strong, external magnetic field so that the double-dot system is effectively equivalent to a finite bilayer quantum Hall droplet. We also assume that the electron number in each dot can be precisely controlled as has been demonstrated. In particular, we consider the system to have an odd number of electrons, which, to be specific, we take to be 7 without any loss of generality (any other small odd number of electrons such as 5, 9, 11, 13, etc., does not make any difference in our analysis). Because of the large capacitive energy associated with interlayer charge imbalance, the ground state of the system (without any external bias voltages and interlayer tunneling) has double degeneracy: the state with 4 (3) electrons in the top (bottom) layer has exactly the same energy as the state with 3 (4) electrons in the top (bottom) layer. We denote these two degenerate ground states as j4; 3i and j3; 4i, respectively.
For a range of magnetic fields the two degenerate ground states, j4; 3i and j3; 4i, are separated from the excitation spectrum by an energy gap. This is so because the Coulomb interaction energy has a cusp at a particular configuration of states which is usually known as the maximum density droplet (MDD) state [7] . It is important to note that the MDD state in our system is the mesoscopic droplet realization of the bulk bilayer coherent state at T 1. The above two MDD states, j4; 3i and j3; 4i, compose our two-level system for the finite droplet similar to the corresponding Cooper pair box situation.
We begin our quantitative analysis by considering the Hamiltonian for electrons subject to a uniform magnetic field and a parabolic confining potential. In the FockDarwin basis, the many-body Hamiltonian for the bilayer quantum dot system can be written as where
withL L z being the total angular momentum in z direction. Also, ! c is the cyclotron frequency and ! 0 parametrizes the parabolic confining potential.P P is the lowest Landau level (LLL) projection operator and V Coul represents the usual Coulomb interaction between electrons:
where d is the interlayer spacing, is the GaAs dielectric constant, and r ij is the lateral separation between the ith and jth electrons. The natural length unit is the modified magnetic length a l B 1 4! 2 0 =! 2 c ÿ1=4 which reduces to the planar magnetic length, l B hc=eB p , when the cyclotron energy is much larger than the confining potential energy. In the above we have used a pseudospin representation to describe the double layer system: " and # distinguish different layers. In general, we define the pseudospin operator:
whereŜ S z measures the electron number difference between layers, andŜ S x is associated with interlayer tunneling. We take the real spin to be fully polarized either because of the large Zeeman coupling or because of electron-electron repulsion, i.e., Hund's rule. The tunneling Hamiltonian H t in the Eq. (1) can be written as
where is the usual Pauli matrix, t is the single-particle interlayer tunneling gap, and m denotes the LLL angular momentum quantum number. Equation (4) is valid for general t. However, we are interested in the limit of zero interlayer tunneling, i.e., t=e 2 =a ! 0, which is appropriate when considering spontaneous interlayer coherence (note that the t ! 0 limit is not the same as the t 0 situation). We now analyze the Hamiltonian in Eq. (1) via exact diagonalization of finite size systems in the limit of zero tunneling. In this limit, the Hamiltonian is invariant with respect to layer exchange and spatial rotations, i.e., V Coul ;Ŝ S z 0 and V Coul ;L L z 0. We may therefore restrict the Hilbert space to specific S z and M z sectors, where S z and M z are the eigenvalues ofŜ S z andL L z , respectively. We diagonalize the Coulomb interaction in the basis of LLL single-particle eigenstates [8] . In particular, we focus our attention on the part of the Hilbert space containing the MDD state which occurs at M z NN ÿ 1=2, where N is the total number of particles. Figure 1 shows the eigenenergy spectrum of the Coulomb interaction as a function of S z for a 7 electron system with d=a 1 and M z 21. Because of the direct electrostatic contribution of the Coulomb interaction, the lowest energy state is obtained for states with the smallest charge imbalance between layers, i.e., S z 1=2 (j4; 3i) and ÿ1=2 (j3; 4i). In fact, this electrostatic contribution may be viewed as the relative charging energy between layers. As expected, the ground states located at S z 1=2 and ÿ1=2 are separated from the lowest energy states of higher jS z j by the relative charging energy cost:
where we find =e 2 =a ' ÿ0:18 0:35d=a for d=a * 0:5. In particular, the lowest energy state of S z 1=2 is separated from that of S z 3=2 by an energy gap of roughly 0.05 e 2 =a. Therefore, as far as excitations lower than this charging energy cost are concerned, we can restrict our attention to the Hilbert space of S z 1=2. Note that the energy spectra of the S z 1=2 and ÿ1=2 states are identical because of reflection symmetry between layers. Also, it is important to remember that the relative charging energy, V direct Coul , is inversely proportional to the number of electrons. Therefore, for large N, mixing between states with different S z becomes appreciable, in which case our two-level system is ill defined. Figure 2 shows the energy spectrum in the S z 1=2 Hilbert space as a function of M z for 7 electrons at d=a 1. The energy in the graph is the sum of the Coulomb interaction energy and the confining potential energy:
. By choosing 0:1187e 2 =a we obtain the maximum gap. The MDD state is separated from the edge excitation (M z 1) and the internal excitation (M z ÿ1) by roughly 0:05e 2 =a at the interlayer separation d=a 1. 
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week ending 11 JULY 2003 VOLUME 91, NUMBER 2 026804-2 026804-2 Also, the M z 0 excitation is shown to have an energy gap roughly equal to 0:07e 2 =a at d=a 1. Figure 3 plots the lowest energy gaps as a function of d=a. As seen from the graph, the energy gap is well developed for d=a & 1. We conclude that the MDD state is stabilized in a suitable range of magnetic fields and interlayer distances for small system sizes. Now that the two degenerate ground states, jS z 1=2i and jS z ÿ1=2i, are shown to be well separated from other excitations in the limit of zero tunneling, we can reduce the whole Hilbert space into the Hilbert space composed of only these two states. In this limit, the reduced Hamiltonian is written as
In the limit of a small single-particle tunneling gap t, x th1=2jŜ S x j ÿ 1=2i. Also, z is the relative bias voltage between layers. x is the renormalized tunneling gap which is greatly enhanced from the single-particle tunneling gap, t, by the Coulomb interaction. In other words, x =t is the natural order parameter quantifying spontaneous coherence in bilayer quantum Hall systems. The precise definition of spontaneous phase coherence in our quantum dot system is given by
h1=2jŜ S x j ÿ 1=2i Þ 0: Figure 4 shows x =t for a 7 particle system as a function of d=a. We see that the interaction-induced coherence effect is sizable for d=a & 1. It is important to note that x increases with system size; more precisely, x ' t 2 N 1 for small d=a.
We have established that the bilayer quantum Hall droplet is a natural two-level system with intrinsic coherence. Now we predict the even-odd effect in tunneling conductance, which can be used for experimental confirmation of coherence. Tunneling conductance measurements in quantum dot systems in the Coulomb-blockade regime find conductance peaks when the gate voltage V g is tuned so that the total energy of the N electron system becomes identical to that of the N 1 electron system. The total energy of the bilayer quantum Hall quantum dot system includes the total charging energy cost, which is given by
where C is the total capacitance of the double-dot system and C is the capacitance between a lead and one of the two dots. Figure 5 shows a schematic diagram illustrating the even-odd effect. Figure 5 
week ending 11 JULY 2003 VOLUME 91, NUMBER 2 026804-3 026804-3
interlayer coherence due to either a large interlayer separation or an extremely small single-particle tunneling gap. Figure 5 (b) shows that, in the low tunneling limit, due to interlayer coherence, the odd N system acquires an energy splitting between the symmetric (j i) and antisymmetric (j ÿ i) superposition of j 1=2i and j ÿ 1=2i, which is 2 x . On the other hand, the ground state energy of the even N system decreases by only 2 2
x =E c for small t, where x th0jŜ S x j1i, and E c is the energy difference between jS z 0i and jS z 1i. As a result, the distance between conductance peaks will oscillate between e 2 =C x ÿ 2 2 x =E c and e 2 =C ÿ x ÿ 2 2 x =E c as a function of eV g . A large tunneling gap will eventually destroy the even-odd effect because all electrons will occupy the interlayer-symmetric state. This will mix states with different S z , thereby destroying our two-level system. Both large and zero tunneling will therefore lead to evenly spaced Coulomb-blockade peaks, whereas the even-odd effect will show up for weak (but finite) tunneling. To give a rough estimate of tunneling for a sizable even-odd effect in realistic quantum dots, let us take the tunneling t to be 0.01 meV ( ' 0:001e 2 =a) which gives rise to x ' 0:03 meV with d 8 nm' 1:0a and B 9 T in our 7 electron system. Also, in this parameter regime, 2 2 x =E c is negligible. We emphasize that our predicted even-odd effect is the precise quantum Hall analog of the Josephson effect in the Cooper pair box problem. It is important to note that the number of Cooper pairs in superconductors can be formally mapped to S z in our coherent bilayer quantum Hall system. Therefore, the coherent linear combination of superconducting states with different numbers of Cooper pairs, which leads to the Josephson effect, is precisely analogous to the linear combination of bilayer quantum Hall states with different S z , which is the origin of our even-odd effect.
In conclusion, we have proposed an even-odd effect in tunneling conductance through vertically coupled double quantum dots in the quantum Hall regime, which is the direct analog of the Josephson effect in mesoscopic superconducting grains.
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